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We show in ZF that:
(i) A countably compact metric space need not be limit point compact or totally bounded
and, a limit point compact metric space need not be totally bounded.
(ii) A complete, totally bounded metric space need not be limit point compact or Cantor
complete.
(iii) A Cantor complete, totally bounded metric space need not be limit point compact.
(iv) A second countable, limit point compact metric space need not be totally bounded or
Cantor complete.
(v) A sequentially compact, selective metric space (the family of all non-empty open
subsets of the space has a choice function) is compact.
(vi) A countable product of sequentially compact (resp. compete and totally bounded)
metric spaces is sequentially compact (resp. compete and totally bounded).
© 2012 Elsevier B.V. All rights reserved.
1. Notation and terminology
Let X= (X,d) be a metric space, x ∈ X and ε > 0. B(x, ε) = {y ∈ X: d(x, y) < ε} denotes the open disc in X with center
x and radius ε.
If B ⊆ X , then δ(B) = sup{di(x, y): x, y ∈ B} is the diameter of B .
We say that an open cover U of X has a Lebesgue number δ > 0 iff for every A ⊆ X with δ(A) < δ there exists U ∈ U
with A ⊆ U .
X is said to be compact if every open cover U of X has a ﬁnite subcover V .
X is said to be countably compact if every countable open cover U of X has a ﬁnite subcover V . Equivalently, X is count-
ably compact iff for every countable family of closed subsets of X having the ﬁnite intersection property, ﬁp for abbreviation,
has a non-empty intersection.
X is said to be Loeb iff the family of all non-empty closed subsets of X has a choice function which is called a Loeb
function.
X is said to be selective iff the family of all non-empty open sets has a choice set. Equivalently, see [3], X is selective iff
X has a well-ordered dense subset.
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Known implications in ZF between
various forms of compactness of met-
ric spaces.
c lpc sc ctb cctb cc
c → → → → → →
lpc ? → → ? ? ?
sc ? ? → ? ? ?
ctb ? ? ? → ? ?
cctb ? ? ? → → ?
cc ? ? → ? ? →
X is complete or Fréchet complete iff every Cauchy sequence of points of X converges to some element of X .
X is Cantor complete iff
⋂{Gn: n ∈ ω} = ∅ for every descending family {Gn: n ∈ ω} of non-empty closed subsets of X
with limn→∞ δ(Gn) = 0.
X is limit point compact or Weierstrass compact iff every inﬁnite subset of X has a limit point.
X is sequentially compact iff every sequence has a convergent subsequence.
X is totally bounded iff for every real number ε > 0, there exists an ε-net, i.e., a ﬁnite subset {xi: i  n} of X such that⋃{D(di, ε): i  n} = X .
X is sequentially bounded iff every sequence has a Cauchy subsequence.
A set X is said to be amorphous iff X cannot be expressed as a decomposition of two inﬁnite sets.
We recall that if {Xn = (Xn,dn): n ∈N} is a family of metric spaces then the function d : X × X →R, X =∏n∈N Xn given
by:
d(x, y) =
∑
n∈N
ρn(xn, yn)
2n
where, for all n ∈ N, ρn(a,b) = min{1,dn(a,b)} is a metric and the metric topology Td it produces on X coincides with
the product topology of the family of spaces {Xn: n ∈ N}. In the sequel we shall always assume that whenever a family
{Xn = (Xn,dn): n ∈ N} of metric spaces is given then for all n ∈ N, δ(Xn)  1 and the product X =∏n∈N Xn carries the
metric d.
2. Introduction
The set theoretic setting in this paper is the Zermelo–Fraenkel set theory ZF without the axiom of choice AC.
In ZFC (= ZF and AC), it is known that:
Theorem 1. ([9]) Let (X,d) be a metric space. Then the following are equivalent:
(i) X is compact.
(ii) X is limit point compact.
(iii) X is sequentially compact.
(iv) X is Cantor complete and totally bounded.
(v) X is complete and totally bounded.
(vi) X is complete and sequentially bounded.
(vii) X is countably compact.
Clearly, compact is the strongest among the forms of compactness of Theorem 1. We will see that sequential compactness
is the weakest one. The table records some of the questions we shall deal with in the sequel.
In Table 1, c, lpc, sc, ctb, cctb and cc abbreviate: compact, limit point compact, sequentially compact, complete and totally
bounded, Cantor complete and totally bounded and countably compact respectively. The interpretation of Table 1 is the obvious
one: If the entry with row heading A and column heading B in the table is → then, A → B . If the entry is ? then it is not
known in ZF whether A → B .
Regarding the class of pseudometric spaces, the implications in ZF between most of the forms of compactness of Table 1
are given following the diagram from [1]. No other implications, other than those indicated in the diagram, hold in ZF.
As it is indicated in Table 1, the same implications as in Diagram 1 hold when we restrict to the class of metric spaces.
However, for the non-implications of Diagram 1 different counterexamples than those given in [1] are required. We supply
these examples in Section 3 and replace the question marks in column sc of Table 1 with → and the rest with .
In Section 4, we show that Theorem 1 is in fact a ZF theorem when restricted to the class L of Loeb metric spaces,
conﬁrming in a way that the notion of Loeb is useful in the study of metric spaces in ZF. This does not come as a surprise
in view of the following two known results:
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↙ ↘
limit point compact
complete and
totally bounded
↓ ↓
sequentially compact ↔ complete and
sequentially bounded
Diagram 1. Known implications in ZF between various forms of compactness of pseudometric spaces.
Theorem 2 (ZF). ([5]) Every Loeb metric space has a well-ordered dense subspace. In particular, every Loeb metric space is selective.
Theorem 3 (ZF). ([8]) Let ((Xi,di))i∈N be a well-ordered family of compact metric spaces and ( f i)i∈N be a family of functions such
that for all i ∈N, f i is a Loeb function of Xi . Then, the Tychonoff product X=∏i∈N Xi is compact.
Remark 4. (i) Regarding Theorem 2, we remark here that, in ZF, there are selective metric spaces which fail to be Loeb. See,
e.g., [4] for such an example.
(ii) We also remark that the condition: “( f i)i∈N be a family of functions such that for all i ∈ N, f i is a Loeb function
of Xi” in the statement of Theorem 3 cannot be replaced by the requirement: “For all i ∈N, Xi is compact and Loeb”. Indeed,
in Cohen’s Second Model M7 in [2], there exists a countable set A= {An: n ∈ ω} of two element sets having no choice set.
For every n ∈ ω let Xn = An ∪ {∞n}, ∞n /∈ An carry the discrete topology. Clearly, each Xn is compact and Loeb. However,
the product X =∏n∈ω Xn is not compact because G = {π−1n (An): n ∈ ω} is a family of closed subsets of X having the ﬁp
and empty intersection.
The following result from [5] lists some equivalent properties in the class of compact metric spaces, as well as some
examples of Loeb metric spaces.
Theorem 5 (ZF). ([5]) Let (X,d) be a compact metric space. Then, X is Loeb iff X is separable iff X is second countable iff X has a
well-ordered dense subset.
It is well known that the compactness is not countably productive in ZF in the class of metric spaces. We give in
Example 13 a countable family of compact, hence limit point compact and countably compact, metric spaces whose product
fails to be countably compact, limit point compact and compact. However, in [6, Theorem 4.1, p. 180], it has been established
that:
• “A countable Tychonoff product of sequentially compact subspaces of R is sequentially compact”.
This is an indication that the following question:
Question 1. Is sequential compactness countably productive in ZF?
may have an aﬃrmative answer. We show in Section 5 that all forms of compactness mentioned in Theorem 1, other than
compactness, countable compactness and limit point compactness, are countably productive in ZF.
The following theorem is listed here for future reference.
Theorem 6 (ZF). ([1]) Let (X,d) be a metric space. If X is complete and totally bounded then X is sequentially compact.
Proof. This can be proved as in Proposition 2.2, p. 157 from [1]. 
3. Horrors in compact metric spaces without the axiom of choice
In this section we give some examples of metric spaces of the sort van Douwen, see [11], would describe as horrors.
Example 7. A countably compact metric space which is not limit point compact and totally bounded.
Let X be an amorphous set endowed with the discrete metric δ. Clearly, X is countably compact. Indeed, if G = {Gn:
n ∈ N} is a strictly descending family of subsets of X then G =⋃{G2n\G2n−1: n ∈ N} and X\G form a partition of X into
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closed subsets of X. Thus, X is trivially countably compact. However, X being a discrete space is neither limit point compact
nor totally bounded.
Remark 8. Example 7 shows that the statement “every Cantor complete and sequentially compact metric space is compact”
implies the proposition “there are no amorphous sets”.
Example 9. A limit point compact metric space which fails to be totally bounded.
We give ﬁrst the description of the concentric circles permutation model N given in [7]. The set of atoms A is expressed
as
⋃{An: n ∈ N}, where for all n ∈ N, An = {anx: x ∈ S(0,1/n)} and S(0,1/n) is the circle of the Euclidean plane (R2,ρ)
of radius 1/n centered at 0. The group of permutations G is the group of all permutations on A which rotate the An ’s
by an angle θn ∈ R and supports are ﬁnite. In [7] it has been shown that the family {An: n ∈ N} does not have a partial
multiple choice set, i.e., a family {Bkn : n ∈ ω} of non-empty ﬁnite sets such that for all n ∈ ω, Bkn ⊆ Akn . Clearly, the function
d : A × A →R given by the rule:
d(anx,amy) =
{
1 if n =m,
ρ(x, y) if n =m,
is a metric on A such that for all n ∈N, An = (An,d) is a compact metric space but (A,d) has no 1/2-nets. Hence, A is not
totally bounded. However, A is limit point compact. Indeed, if X is an inﬁnite subset of A then for some n ∈N, Xn = An ∩ X
is inﬁnite and consequently, by the compactness of An , Xn has a limit point in An . Thus, X has a limit point in A as required.
Remark 10. The model N of Example 9 is a ZF0 (= ZF minus the axiom of regularity) model. We remark here that it is easy
to construct the ZF version M of N and this has been done in [10].
Example 11. A complete, totally bounded metric space which is neither limit point compact nor Cantor complete.
Let {Xn: n ∈ N} be a disjoint family of ﬁnite sets such that no inﬁnite subfamily of {Xn: n ∈ N} has a choice set (in the
second Cohen model, Model M7 in [2], there exists such a family) and consider the following metric d on X =⋃{Xn: n ∈N}
given by:
d((x, y)) =
{0 if x = y,
1/n if x, y ∈ Xn and x = y,
max{1/n,1/m} if x ∈ Xn and y ∈ Xm.
It is straightforward to see that the range of any sequence (an)n∈N of (X,d) is necessarily ﬁnite. Hence, X is sequentially
compact and complete.
Furthermore, X is totally bounded. Indeed, ﬁx ε > 0 let m ∈ N satisfy 1/m < ε. Clearly, for every x ∈ Xm , the open disc
B(x, ε) includes Gm =⋃{Xn: nm}. Since, X\Gm is ﬁnite it follows that X is totally bounded as required.
Since d produces the discrete topology on X , Gn is closed for all n ∈ N, ⋂{Gn: n ∈ N} = ∅ and limn→∞ δ(Gn) = 0, it
follows that X is neither limit point compact nor Cantor complete.
Remark 12. (i) We remark here that the statement “Cantor complete metric spaces are complete” is a theorem of ZF. Indeed,
let (xn)n∈ω be a Cauchy sequence of points of X. Without loss of generality we may assume that (xn)n∈ω is injective. If
{xn: n ∈ ω} has a limit point x then we can easily show that limn→∞ xn = x. So, assume that {xn: n ∈ ω} is a closed
relatively discrete subspace of X. Clearly, G = {Gn = {xm: m n}: n ∈N} is a descending family of closed subsets of X. Since
(xn)n∈ω is a Cauchy sequence, it is easy to see that limn→∞ δ(Gn) = 0. Hence, by our hypothesis ⋂G = ∅. But, ⋂G = ∅.
Contradiction!
(ii) Example 11 shows that “complete = Cantor complete” implies the axiom of choice for families of non-empty ﬁnite
sets ACﬁn .
Example 13. A totally bounded, Cantor complete metric space which fails to be limit point compact and countably compact.
Let {Xn: n ∈ N} be as in Example 11 and let for all n ∈ N, Yn = Xn ∪ {∞}. We consider the following metric d on
Y =∏n∈N Yn: d(x, y) = 1/m,m = min({n ∈ N: x(n) = y(n)}). Since for all n ∈ N, Yn is a ﬁnite set it follows that for all
m ∈ N, Am = {y ∈ Y : ∀n > m, y(n) = ∞} is a ﬁnite set. Hence, for every ε > 0, if m ∈ N satisﬁes 1/m < ε then Y =⋃{D(y, ε): y ∈ Am}. Thus, Y is totally bounded.
To see that Y is Cantor complete, ﬁx G = {Gn: n ∈N} a descending family of closed subsets of Y with limn→∞ δ(Gn) = 0.
Via a straightforward induction we pick a strictly increasing sequence (kn)n∈N of points of N such that for all n ∈N, δ(Gkn ) <
1/n. It is easy to see that for all n ∈N and for all g,q ∈ Gkn , g | n = q | n. Hence, there exists a unique element gn ∈
∏
mn Ym
satisfying: For all g ∈ Gkn , gn ⊆ g . Clearly, g1 ⊆ g2 ⊆ · · · ⊆ gn ⊆ · · · and g =
⋃{gn: n ∈N} is an element of Y . Furthermore, it
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Complete table of implications in ZF between
various forms of compactness of metric spaces.
c lpc sc ctb cctb cc
c → → → → → →
lpc Ex 9 → → Ex 9 Ex 9 Ex 15
sc Ex 7 Ex 7 → Ex 7 Ex 7 Ex 15
ctb Ex 11 Ex 11 → → Ex 11 Ex 17
cctb Ex 13 Ex 13 → → → Ex 13
cc Ex 7 Ex 7 → Ex 7 Ex 7 →
is easy to see that each member of the neighborhood base [gm] = {x ∈ Y : gm ⊆ x}, m ∈N of g meets non-trivially each Gkn ,
n ∈N. Thus, g ∈⋂{Gkn : n ∈N} =⋂G and Y is Cantor complete as required.
Next we show that Y is not limit point compact. Let
G = {y ∈ Y : ∃m ∈N, ∀n >m, y(n) = ∞ ∧ ∀nm, y(n) ∈ Xn}.
We claim that G has no limit point. If g were a limit point of G , then by our assumption ({Xn: n ∈N} has no partial choice),
we see that for all but ﬁnitely many n ∈N, g(n) = ∞. Let m = min{n ∈N: g(v) = ∞ for all v  n}. Clearly, D(g,1/(m + 1))
is a neighborhood of g which can contain only ﬁnitely many members of G . Contradiction! Thus, G has no limit points and
Y is not limit point compact as required.
Since, Q = {π−1n (Xn): n ∈ N} is a family of closed subsets of Y with the ﬁp but with empty intersection, it follows that
Y is not countably compact.
Remark 14. (i) Example 13 shows that “totally bounded+ complete = compact” implies ACﬁn .
(ii) Clearly if we endow in Example 13 each Yn with the discrete metric dn , then the metric topology Td produced by
the metric d coincides with the product topology of the spaces Yn = (Yn, Tdn ) where for each n ∈ N, Tdn is the discrete
topology on Yn . Hence, the proposition: “The countable product of compact (resp. countably compact, resp. limit point compact)
metric spaces is compact (resp. countably compact, resp. limit point compact)” fails in ZF.
Example 15. A limit point compact and second countable metric space which fails to be countably compact, totally bounded,
Cantor complete and Loeb.
In the ﬁrst Cohen model, Model M1 in [2], the set A of all added Cohen reals is dense in R but has no inﬁnite well-
orderable subset. Thus, the subspace A of R is trivially sequentially compact and second countable.
We show that A is limit point compact. Fix X an inﬁnite subset of A. Assume on the contrary that X has no limit point.
Clearly, X is a closed relatively discrete subset of A. Using the fact A is second countable, we can easily show that X is well
orderable contradicting the fact that A contains no such subsets.
Since A is unbounded, it follows that A is not totally bounded.
We show next that A is not Cantor complete. Clearly, G = {Gn = [−1/n,1/n] ∩ A: n ∈ N} is a descending family of
non-empty closed subsets of A such that limn→∞ δ(Gn) = 0. Since, 0 /∈ A and ⋂{[−1/n,1/n]: n ∈ N} = {0}, it follows that⋂G =∅. Thus, A is not Cantor complete as required.
A is not Loeb because the family of closed sets G = {[2n,2n + 1] ∩ A: n ∈N} of A has no choice function.
Finally, A is not countably compact because A= {[n,+∞)∩ A: n ∈N} is a family of closed subsets of A with the ﬁp but
with empty intersection.
Remark 16. Example 15 shows that “totally bounded + complete = compact” implies “every inﬁnite subset of R has a
denumerable subset”.
Example 17. A second countable, limit point compact and totally bounded metric space which is not Cantor complete,
countably compact and Loeb.
Let A be as in Example 15 and consider the subspace X = A ∩ [0,1] of A. Clearly, X being a subspace of the compact
space [0,1] is totally bounded. X is not countably compact because the open cover U = {(1/n,n− 1/n)∩ X: n ∈N} of X has
no ﬁnite subcover. The rest of the properties of X can be proved as in Example 15.
Table 2 summarizes the results of this section. The interpretation is as follows: If the entry with row heading A and
column heading B in the table is Ex n, then A  B and this follows from Example n.
4. Compactness in the class of selective metric spaces
In spite of Example 15 we show in this section that a separable, sequentially compact metric space is compact, hence
Loeb, limit point compact, complete, Cantor complete and totally bounded.
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(i) X is totally bounded iff D is totally bounded.
(ii) Assume that for every open cover U of X there exists a δ > 0 such that for all d ∈ D there is U ∈ U with D(d, δ) ⊆ U . Then, every
open cover of X has a Lebesgue number.
Proof. (i) (→) This follows at once from the observation that subspaces of totally bounded metric spaces are totally
bounded.
(←) Fix ε > 0 and let G be an ε/2-net of D. We claim that G is an ε-net of X. Indeed, ﬁx x ∈ X and choose d0 ∈
D ∩ D(x, ε/2). As G is an ε/2-net of D it follows that d0 ∈ D(g, ε/2) for some g ∈ G . Since, d(x, g) d(x,d0) + d(d0, g) <
ε/2+ ε/2= ε we see that x ∈ D(g, ε) and consequently G is an ε-net of X as required.
(ii) Fix U an open cover of X and let δ > 0 be a real number satisfying: For all d ∈ D , there is a U ∈ U with D(d, δ) ⊆ U .
We show that δ/2 is a Lebesgue number for U . Fix A ⊆ X with diameter δ(A) < δ/2. Fix a ∈ A and pick g ∈ D with
d(a, g) < δ/2. For every x ∈ A, we have: d(g, x) d(x,a) + d(a, g) < δ/2+ δ/2 = δ. It follows that A ⊆ D(g, ε) ⊆ U for some
U ∈ U . Thus, δ/2 is a Lebesgue number for U as required. 
Theorem 19 (ZF). Let X= (X,d) be a selective, sequentially compact metric space. Then X is compact.
Proof. Fix X as in the statement of the theorem and let D be a well-ordered dense subset of X. It suﬃces, in view of the
proof of Theorem 3.1 from [9] to show that X is totally bounded and every open cover U of X has a Lebesgue number:
Claim 1. D is totally bounded. Hence, by Lemma 18, X is totally bounded.
Proof. Fix ε > 0. It suﬃces to show that there exists di ∈ D , i  n ∈ N such that ⋃{B(di, ε/2): i  n} = X . Assume on the
contrary that for every ﬁnite subset {di: i  n} of D , ⋃{B(di, ε/2): i  n} = X . Using the well-ordering of D we construct,
via a straightforward induction, a sequence (dn)n∈ω of points of D such that for every n ∈ N, dn /∈⋃{B(di, ε/2): i < n}.
Since, d(dn,dm) ε/2 for all n,m ∈ ω, n =m it follows that (dn)n∈ω has no convergent subsequences. Contradiction! 
Claim 2. For every open cover U of X there exists δ > 0 such that for all d ∈ D, there exists U ∈ U with D(d, δ) ⊆ U . In particular, in
view of Lemma 18, X has a Lebesgue number.
Proof. Fix a well-ordering {di: i ∈ ℵ} of D . Assume on the contrary that for every δ > 0 there exists i ∈ ℵ such that for
all U ∈ U , D(di, δ)  U . Let for every m ∈ N and δ = 1/m, nm be the ﬁrst n ∈ ℵ satisfying for all U ∈ U , D(dn,1/m)  U .
By our hypothesis the sequence (dnm )m∈N has a subsequence (dnmk )k∈N converging to some point x ∈ X . Since U is an
open cover of X it follows that there exist U ∈ U and ε > 0 such that B(x, ε) ⊆ U . Let k0 ∈ N satisfy: For all k  k0,
dnmk ∈ D(x, ε/2). Fix k  k0 with 1/k < ε/2. We show that D(dnmk ,1/mk) ⊆ B(x, ε) ⊆ U . Fix y ∈ D(dnmk ,1/mk). We have:
d(x, y) d(dnmk , x) + d(dnmk , y) < ε/2+ 1/mk  ε/2+ 1/k ε. Thus, D(dnmk ,1/mk) ⊆ U . Contradiction! 
Next we get as a corollary to Theorems 19 and 6 that the notions of compactness, countable compactness and sequential
compactness coincide in the class of selective metric spaces.
Corollary 20 (ZF). Let (X,d) be a selective metric space. The following are equivalent:
(i) X is compact.
(ii) X is limit point compact.
(iii) X is sequentially compact.
(iv) X is complete and totally bounded.
(v) X is Cantor complete and totally bounded.
(vi) X is complete and sequentially bounded.
(vii) X is countably compact.
Proof. The implications (i) → (ii) → (iii), (i) → (v) → (iv), (i) → (vii) → (iii) and (iii) ↔ (vi) are straightforward and, (iv) →
(iii) is Theorem 6 and (iii) → (i) is Theorem 19. 
5. Countable products of compact metric spaces
Our ﬁrst result in this section shows that sequential compactness is countably productive in ZF.
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(i) Let {Xn = (Xn,dn): n ∈ ω} be a family of sequentially compact metric spaces. Then, their product X =∏n∈ω Xn is sequentially
compact.
(ii) The converse of (i) i.e., the proposition (P) = “for every family {Xn = (Xn,dn): n ∈ ω} of metric spaces if the product X=∏n∈ω Xn
is sequentially compact then for every n ∈N, Xn is sequentially compact” is not a theorem of ZF.
Proof. (i) Fix (xn)n∈ω a sequence of points of X and let for every i ∈ ω, Yi = Di, Di = {xn(i): n ∈ ω}. Clearly, (Yi,di) is a
separable, sequentially compact, hence by Theorem 19, compact metric space. Thus, by Theorem 5, we can deﬁne for every
i ∈ ω a Loeb function f i for Yi . Thus, by Theorem 3, the product Y =∏i∈ω Yi is compact. Hence, the sequence (xn)n∈N has
a limit point y ∈ Y . Since y ∈ X and the topology of Y coincides with the subspace topology which Y inherits from X, it
follows that (xn)n∈N has a limit point in X as required.
(ii) We claim that (P) implies “every familyA= {An: n ∈ ω} of non-empty countable sets has a choice set”. If for some family
A = {An: n ∈ ω} of non-empty countable sets, ∏n∈N An = ∅ then ∏n∈N An is compact, where An = (An, δn) and δn is the
discrete metric on An . However, it can be readily veriﬁed that for all n ∈ N, An is not sequentially compact. In Sageev’s
Model I, Model M6 in [2], there exists a family A = {An: n ∈ N} of countable subsets of R without a choice set. Hence,
(P) fails in M6. 
Next we show that completeness, Cantor completeness and total boundedness are also countably productive.
Theorem 22 (ZF).
(i) The Tychonoff product X=∏i∈ω Xi of a family {(Xi,di): i ∈ ω} of complete metric spaces is complete.
(ii) The Tychonoff product X=∏i∈ω Xi of a family {(Xi,di): i ∈ ω} of Cantor complete metric spaces is Cantor complete.
(iii) The Tychonoff product X=∏i∈ω Xi of a family {(Xi,di): i ∈ ω} of totally bounded metric spaces is totally bounded.
Proof. (i) Fix (xn)n∈N a Cauchy sequence of X. We claim that for every i ∈N, (xn(i))n∈N is a Cauchy sequence of Xi . Indeed,
given ε > 0 ﬁx n0 ∈N such for all n,m n0,
d(xn, xm) =
∑
v∈N
dv(xn(v), xm(v))
2v
<
ε
2i
. (1)
From (1), it follows that di(xn(i),xm(i))
2i
< ε
2i
. Hence, for all n,m n0, di(xn(i), xm(i)) < ε and (xn(i))n∈N is Cauchy as required.
By our hypothesis, for every i ∈ N, limn→∞ xn(i) = xi ∈ Xi . Since, the metric d produces the product topology on X , it
follows by properties of the product topology on X , that limn→∞ xn = x where, for all i ∈N, x(i) = xi .
(ii) Fix (Gn)n∈N a descending family of non-empty closed subsets of X such that limn→∞ δ(Gn) = 0. For every i,n ∈ N,
let Gin = πi(Gn).
We claim that for every i ∈N, (Gin)n∈N is a descending family of non-empty closed subsets of Xi such that
lim
n→∞ δ(Gin) = 0.
To see this ﬁx ε > 0. Since, limn→∞ δ(Gn) = 0, it follows that there exists n0 ∈ N such for all n  n0, δ(Gn) < ε2i . Thus, for
all x, y ∈ Gn ,
d(x, y) =
∑
v∈N
dv(x(v), y(v))
2v
<
ε
2i
.
Hence, di(x(i),y(i))
2i
< ε
2i
and di(x(i), y(i)) < ε. Thus, δ(Gin) = δ(πi(Gn)) ε. Hence, limn→∞ δ(Gin) = 0 as required.
By our hypothesis, for every i ∈ N, ⋂{Gin: n ∈ N} is a singleton, say {xi}, of Xi . It is straightforward to verify that the
element x ∈ X , for all i ∈N, x(i) = xi is in ⋂{Gn: n ∈N}. Thus, X is Cantor complete as required.
(iii) If X =∅ then we have nothing to show. So, we assume that X =∅ and ﬁx x ∈ X .
Fix ε > 0 and choose n0 ∈N such that ∑i>n0 12i < ε2 . For every i  n0 let Ai be an εn0 -net of Xi . Put
B =
{
a ∈ X: a | (n0 + 1) ∈ A =
∏
in0
Ai and a(i) = x(i) for all i > n0
}
.
We show that B is an ε-net of X. Fix y ∈ X . Since, each Ai , i  n0 is an εn0 -net of Xi , it follows that there exists a ∈ A such
that for all i  n0, y(i) ∈ Dd(a(i), ε ). Let b ∈ B be the element given by: b | (n0 + 1) = a. We have:n0
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∑
i∈N
di(b(i), y(i))
2i

∑
in0
di(a(i), y(i))
2i
+
∑
i>n0
1
2i
<
∑
in0
ε
2in0
+ ε
2
< ε.
Hence, X is totally bounded as required. 
We get as an easy corollary to Theorem 22 that:
Corollary 23 (ZF). A countable product of compete and totally bounded (resp. Cantor compete and totally bounded) metric spaces is
compete and totally bounded (resp. Cantor compete and totally bounded).
Remark 24. We remark here that the converse of Corollary 23 may fail in ZF. In fact, working as in the proof of Theorem 21
one can show that it fails in M6.
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